Stable operation of aircraft engine compressions is constrained by rotating surge. In this paper, an approximate nonlinear surge margin model of aircraft engine compression system by using equilibrium manifold is presented. Firstly, this paper gives an overview of the current state of modeling aerodynamic flow instabilities in engine compressors. Secondly, the expansion form of equilibrium manifold is introduced, and the choosing scheduling variable method is discussed. Then, this paper also gives the identification procedure of modeling the approximate nonlinear model. Finally, the modeling and simulations with high pressure (HP) compressor surge margin of the aircraft engine show that this real-time model has the same accuracy with the thermodynamic model, but has simpler structure and shorter computation time.
Introduction 1
Air and gas flows in aircraft engines are susceptible to instabilities. These flow instabilities are characterized by rapid, unsteady fluctuations in velocity, temperature and pressure. The unsteady fluctuations, associated with compression system surge and stall, are often deterministic and repeatable. They disrupt surrounding flow fields and cause severe stresses on engine components; they also degrade engine efficiency and even cause flow reversals or flameout [1] . The rapidly increasing requirements for the aircraft engine performance make the aircraft engine components to be exposed to increasing high thermal and aerodynamic loads, and the components are operating more closely to their physical limits, so compression system surge has become important design and operability issues.
To address these issues, over the years, many research activities by the authors have been done on the modeling of surge for design controllers of aircraft engine compression system. An essential step in controller design is the understanding of the physical phenomena in the system and the development of a mathematical model that describes the most important phenomena. In the literature, various models can be found that describe rotating stall or surge.
For dynamic analysis and controller design in axial compressors, the low-dimensional Greitzer model [2] , Moore model [3] , and Moore-Greitzer model [4] can be used. The Greitzer and Moore-Greitzer models are capable of predicting transients subsequent to the onset of compressor instability. The Moore-Greitzer model gives rise to three ordinary differential equations model describing the airflow through the compression system. The first is for the amplitude of mass flow rate fluctuations, the second is for the non-dimensional, circumferentially averaged mass flow rate through the compressor, and the third is for the non-dimensional total-to-static pressure rise across the compression system. Many authors have extended and modified the model [5] [6] [7] [8] [9] [10] [11] [12] [13] . Inclusion of higher order harmonics was studied by Mansoux, et al. [14] , and other types of compressor characteristics were used by Wang, et al. [15] . A linear model based on Moore-Greitzer model was developed to predict the dynamic behavior of a compression system subject to a perturbation from steady operating conditions in Ref. [16] . Badmus, et al. [17] discussed the stall and surge model which was made via the reference of the compression system bifurcation diagrams. The specific bifurcation diagrams are generated using the Moore-Greitzer model. The model described in Ref. [18] starts from a general description by application of principles of conservation of mass, energy, and momentum for a calorically perfect gas. The model can be applied to generic compression systems and can describe the dynamic behavior of axial as well as radial compressors during surge.
Besides the theoretical work on the compression system surge, a lot of experimental work and computational fluid dynamics (CFD) modeling had also been done [19] [20] [21] [22] . Wu and Li [23] developed a method of effectively selecting the support vectors applied to the asymmetric support vector machines-based surge map modeling framework. The modeling results correctly predict all gathered surge conditions with much less support vectors and kernel of lower orders. A threedimensional Navier-Stokes solver for modeling unsteady compressor flows has been developed in Ref. [24] . Yoon, et al. [25] offered experimental test data to validate the proposed mathematical model of the compression system.
Despite of much progress, significant research remains to be done in the direction of modeling the compressor surge margin for control. This paper presents an approach to derive a real-time aircraft engine surge margin model based on nonlinear system's equilibrium manifold expansion form. The effectiveness of the modeling method is evaluated with one twin-spool with a low bypass ratio turbofan engine. The results show that the surge margin model based on equilibrium manifold expansion form can not only satisfy the accuracy of modeling requirement, but also be in compliance with the aircraft physical characteristics.
The outline of this paper is as follows. First, the calculation method for compressor surge margin of aircraft engine is described in Section 2. Then, Section 3 introduces the equilibrium manifold expansion form for modeling the nonlinear system, and discusses the choosing method for scheduling variable. Section 3 also illustrates the identification procedure. Section 4 shows the aircraft engine high pressure (HP) compressor surge margin modeled based on this method, and simulation results. Finally, the conclusions can be obtained in Section 5.
Calculation Method for Surge Margin
The ability of a compression system to deliver the required pressure ratio over a wide range of throttle settings is essentially governed by the performance map of the system. As the mass flow rate through the compression system decreases, the pressure rise across the system increases as long as the spool speed of the system is held constant, as shown in Fig. 1 . In Fig. 1, c S is the compressor pressure ratio, a,cor m the corrected air mass flow. The provision of sufficient surge margin is an important consideration to aircraft engine safety in any compressor design [26] . For ensuring the surge boundary, the casual method is based on tests. In this paper, the surge boundary is determined by curve fitting the compressor characteristic's limit values. Firstly, using the compressor working data, the compressor characteristic lines can be plotted at different corrected spool lines, and the surge boundary is lined by selecting the limit values on different corrected spool lines. Hence, the limit values are the intersection points between the corrected spool lines and compressor surge boundary. Interpolation method can be used in order to improving the data fitting accuracy of the surge boundary. It is known by compressor's principle that there is a theoretical start working point, at which the pressure ratio is 1.0 and the air flow is 0, that is, there is no pressurized effect. Through the use of these data, the surge boundary is shown in Fig. 1 .
The surge margin can be defined as shown in Fig. 2 , and the surge margin can be described as Eq. (1). In Fig. 2, s S is the pressure ratio at surge, w S the pressure ratio of working point, max n the maximum spool speed, idle n the idle condition spool speed. 
Expansion Model Based on Equilibrium Manifold for Nonlinear System

Equilibrium manifold description
In this section, the nonlinear system's equilibrium point and equilibrium manifold are introduced firstly. The nonlinear system is described by the form
where
T the corresponding function, and u the system input.
1) Equilibrium point of nonlinear system
The point e x is an equilibrium point of Eq. (2), if there exists e u such that e e ( , ) u 0 f x (3) Note that, the subscript "e" stands for steady states in this paper.
2) Equilibrium manifold of nonlinear system The equilibrium family of nonlinear system is a set of equilibrium point, such that e e e e e e e e ( , ) ( , , ) ( , )
According to implicit function theorem [27] , it can be proved that: for the nonlinear system described by Eq. (2), there exists a continuous mapping between these parameters' steady relationships. Generally speaking, the equilibrium points of real nonlinear systems are continuous, and the set of these points can be expressed by using polynomials. The set of equilibrium points is equilibrium manifold [28] . In this paper, a mapping is introduced to the nonlinear model
where V is called scheduling variable and the constraint for the mapping is that the steady state Eq. (6) must be satisfied.
So, the equilibrium manifold of the nonlinear system can be written by 
Equilibrium expansion model for nonlinear system
For each V , Taylor expansion form of the nonlinear system on the equilibrium point e e ( , ) u x is written by
where e e ( ) ( 1,2, , ) ( )
And
is the partial-derivative term of Taylor expansion on the equilibrium points > 1e 2e e 1e 2e ( )
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Method of selecting scheduling variable for expansion model
In the actual calculation, the selection of the appropriate scheduling variables has a huge impact on the model accuracy of the nonlinear system. So the most important step of the modeling is to select the scheduling variables. The following discussion shows the different accuracy of different scheduling variables.
For an n-order single input single output (SISO) nonlinear system, its equilibrium manifold is an n+1-dimentional space curve. The normal-plane function on the equilibrium manifold decided by V is shown in Eq. (10). 
For any space point ( , ) u x , we put it to Eq. (10), and we can get the mapping, ( , ) p u V x , which corresponds to the shortest distance between the current point with the point on the equilibrium manifold, as shown in Fig. 3 . For example, consider a simple nonlinear system:
The equilibrium manifold of this nonlinear system is formulated by Eq. (12). 
The equilibrium manifold of this nonlinear system is shown in Fig. 4 . The Taylor expansion model on the equilibrium points 1e 2e e ( , , ) x x u is shown by Eq. (13).
Fig
Firstly, we choose The corresponding Jacobian linearization matrix is 
So, the expansion model is 
So, the expansion model is 2  2  2  2  1  1  2   2  2  2   8  2  2  3  3 (  )  3  2  2  3  0  0  3 3
Then, the normal-plane function of this equilibrium manifold is formulated by Eq. (20) if we choose
And, the mapping function,
Finally, substituting Eq. (14) and Eq. (21) into Eq. (13), we can obtain perpendicular expansion model of this nonlinear system. Note that, throughout the calculation, whenever we select According to three expansion models, we built the Simulink model respectively, and use a step signal as simulation input. Figures 5-6 show the system's two states. From the simulation, we can see that the perpendicular expansion is close to the original system. 
Identification of equilibrium manifold expansion model under two steps
As shown in Eqs. (8)- (9), the parameterized form of the equilibrium manifold expansion model is constructed by two items, one is the steady term, and the other is Jacobian matrix.
1) The first step: determine the nonlinear system equilibrium manifold. Suppose that, an SISO system's equilibrium manifold can be presented by a onedimensional scheduling variable, V , and the scheduling variable can be a function of the state, input, or any exogenous signal. An SISO equilibrium manifold can be written by ( 1,2, , )
where k represents the corresponding polynomial coefficient, and n m the order of the equilibrium manifold determined by V .
2) The second step: derive the partial-derivative terms. The partial-derivative term of Taylor expansion can be written as 
The last term of Eq. (26) 
And it can get
Equation (31) is called canonical equation. When T T T is nonsingular, the dynamic parameters can be identified by the least-square method. T 
T ( )
K T T T Y (32)
This is the second step of identifying the equilibrium manifold expansion model. Figure 7 shows the frame of expansion model based on equilibrium manifold. 
Surge Margin Modeling and Simulation Results
Surge margin model based on equilibrium manifold expansion model
In this section, the equilibrium manifold expansion model of an aircraft engine surge margin is given. A dynamic model of a two-spool turbofan engine was developed using the MATLAB simulation environment and its Simulink toolbox. The HP compressor and HP turbine are on one shaft (driven by the high speed rotor), while the low pressure (LP) compressor/fan and LP turbine are on the other shaft (driven by the low speed rotor). Components including the fan, the compressor and the turbines are described in forms of maps and look-up tables based on their individual experimental data. The combustion efficiency and pressure losses are simply fitted by curves. The single input is the fuel flow w f . Although energy storage in and between the components are also integrated in the nonlinear thermodynamic components model, here only HP turbine speed n H and LP turbine speed n L are considered as states during the control oriented nonlinear modeling for their predominance. The flight condition is set to be flight attitude H=0 km and Mach number Ma=0.
The nonlinear model of HP compressor surge margin is
where SM C represents the HP compressor surge margin. The equilibrium manifold of this engine is . With the steady state data of this aircraft engine, the other system parameters, including n Le , w f and SM Ce , can be parameterized by n He . The fitted curves are quadratic form shown in Eq. (36). And the curves are displayed in Figs. 8-11 . According to the relationship of equilibrium manifold, we can get the perpendicular expansion shown in Eq. (37). 1 1
LIU Xiaofeng et al. / Chinese Journal of Aeronautics 25(2012) 663-674
Using the steady and dynamic data of the aircraft engine Simulink model, we can identify the coefficients of Eq. 
Model precision
In this section, we compared the surge margin between the nonlinear thermodynamic model with the equilibrium manifold expansion model. The fuel flow command signal during two steps shown in Fig. 13 increases from 104 L/h to 250 L/h and decreases to 104 L/h.
The simulation results are shown in Figs. 14-16. With the increase in w f , n H is increased. The aircraft engine is working closer to the surge boundary, and the surge margin is decreased. On the contrary, with the decrease in w f , n H is decreased, and the surge margin is increased. When n H 's ranges from 40 000 r/min to 46 000 r/min, the model output precision is ±1.5 . Throughout the comparison of time consuming, the equilibrium manifold expansion model has a better real-time performance than the traditional thermodynamic model, as shown in Table 1 .
As Fig. 15 shows, when the HP spool speed ranges from 40 000 r/min to 47 000 r/min, the error of model is within the range of 2 r . The simulation result indicated that the model's accuracy can reach the engineering application requirements. 
Dynamic analysis
In this section we give two different fuel flow command signals which are shown in Fig. 17 , and the dynamic process of the surge margin can be compared. Figures [18] [19] show that when given the same fuel flow command, the effect of the variation velocity is large. The fast accelerating process has a bigger overshoot (It could reach 50қ ), and it does harm to the engine safety. When using the slow acceleration, the dynamic process of the surge margin is gentle and does less harm to the engine safety. The next simulation shows the variation of the surge margin during adding the fuel flow ǻw f =15 L/h at different working points. Figures 20-22 show the different surge margins during a serious of fuel flow. Figures 23-24 show the local magnify figures at the first and the last working points. At the first working point, the steady variation of surge margin is 1.219 3, the dynamic time 5 s, and at the last working point, the variation is 0.943 6, the time 3.5 s. Throughout the analysis of the whole working points, when given the flight condition, the magnifying coefficient and time coefficient decrease and the dynamic response becomes faster with the increase of the spool speed. Figures 25-27 show the changes in HP spool speed and surge marge under different flight conditions. The simulation results indicate that the equilibrium manifold expansion model has the same accuracy with the thermodynamic model and it also shows the feasible of the method of this paper. 
Conclusions
1) The equilibrium manifold expansion model introduced is an approximate nonlinear model that develops from the linearization family. The scheduling variable method is discussed, and perpendicular expansion model for nonlinear system that has the minimum error is provided. Comparisons indicate that all of the conveniently chosen mappings have given a very good modeling result.
2) Throughout the modeling of the aircraft engine surge margin based on equilibrium manifold perpendicular expansion model can be efficiently obtained by a two-step identification procedure.
3) Simulations show that the surge margin can not only be in compliance with the aircraft physical characteristics, but also satisfy the accuracy of modeling requirement. The equilibrium manifold expansion model is simple in structure and it is a real-time model.
